
II TEST -A

Exercise 1

Assume we need to identify a Time Varying system A(d)y(t) = B(d)u(t) + e(t) with A(d) = 1 +
α1d + α2d

2 and B(d) = bd2, e(k) white noise with zero mean and 0.01 variance, uncorrelated with
u(k).

1 Indicate the vector of parameters to be identified, find the recursive algorithm to estimate the
parameters, possibly to cope with variation in the parameters.

2 What kind of inputs will you use?

Answers:

1 Vector of parameters

1.2 Algorithm:

2
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Exercise 2

Let the following be the model of a vertical vehicle position:

z(k + 1) = 0.1z(k) + u(k) + e(k) (1)

where u(k) is a known control input and e(k) is a white noise with zero mean value and variance
0.001m2. Assume you measure the position with a sensor that is affected by a measurement error of
variance 0.04m2 and zero mean an we can assume it is white. Indicate how to estimate the vertical
position and indicates the estimation variance error. Find a stationary algorithm to estimate the
position. Show how the algorithm will change, if the command is not present, and how it will affect
the estimation error expression. Indicate the eigenvalues of the transfer function between ε(k) and
x(k).

Answers:

Algorithm

Variance

Stationary algorithm

How it differs?

Eigenvalues

2



Exercise 3

Given the following LTI, DT system with real parameters β and α:

x1(t+ 1) = 0.5x1(t) + 0.5x2(t)
x2(t+ 1) = 0.2x2(t)
x3(t+ 1) = αx3(t) + βu(t)
y(t) = x1(t) + x2(t) + v(t)

Let v(t) ∼ N(0, 0.1) a disturbance noise.

A If no disturbance is present:

1. Study the structural properties with respect to the parameters.

2. If β = 1, if possible, design a model based controller such that the desired eigenvalues be
located in {0.1, 0.1, 0.1} and the observer ones in {0, 0, 0}? (suggestion: choose α).

3 Find the estimation error dynamics.

B When the output disturbance noise is present, find a stationary observer of the state.

Answers

A

1 Properties:

2 Model based controller (alpha =):

3 Dynamics:

B
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Exercise 4

On a smart-phone we have two sensors, A e B, they both measure the position (one is based on the
on-board IMU, the other one is a virtual sensor based on a dedicated algorithm) of the phone, let
this measure be related to the measure of an unknown parameter (the step of the person carrying the
telephone), θ (measurement YA1 and YB1) and twice its value (YA2 and YB2). All the measurements
have been affected by additive independent disturbances that can be modeled as Gaussian, zero mean
and variance depending on the sensor. Let eAi and eBi, i = 1, 2, be respectively the errors of YAi e
YBi: eAi ∼ N(0, 1/2), eBi ∼ N(0, 2), i = 1, 2.

1 Which one of the following estimation algorithm is unbiased?

– θ̂1 = 1
4
(yA1 + yA2 + yB1 + yB2)

– θ̂2 = 1
2
(yA1 + yB1)

– θ̂3 = 1
2
(yA1 + 1

4
yA2)

– θ̂4 = (yB1)
2

2 From yAi yBi
, i = 1, 2 evaluate

2.1 LS estimate θ̂LS of θ and its V ar(θ̂LS)

2.2 Gauss-Markov estimate θ̂GM of θ and its variance V ar(θ̂GM)

2.3 Maximum Likelihood estimate θ̂ML of θ and its variance V ar(θ̂ML)
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