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Exercise 1

Let us consider an LTI DT System constituted by two subsystems G1 e G2 in series The difference
equation of the first subsystem G1 ( input u and output v) is

v(k) = u(k) + α1v(k − 1),

while the one describing the second subsystem G2 (input v and output y ) is

y(k) = 0.2y(k − 1) + b1u2(k − 2)

a) Determine an overall system representation in state space from the input u = u1 = u2 to the
output z = y + v.
b) Determine the overall H(z) transfer function. b) Study the internal and external stability of the
system.
c) Assume the true system has Time Varying parameters and if H(z) = B(z)

A(z)
we can model the

system as an ARX model as follows: A(d)y(t) = B(d)u(t)+ e(t) where e(t) measurement withe noise
with zero mean and 0.02 variance, uncorrelated with u(t). Indicate the vector of parameters to be
identified, find the recursive algorithm to estimate the parameters, possibly to cope with variation
in the parameters. What kind of inputs will you use?

Answers:

1 State space system:

H(z)

2 Stability

3 Algorithm
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Exercise 2 The motion of a mass spring system is described by

z(t+ 2) + z(t+ 1) + 4z(t)− z3(t) = u(t)

where z(t) is the position of the spring and u(t) is the forcing input.

1 Describe the system in state space and find the equilibrium points, if u(t) = 0.

2 Analyze the stability.

Answers:

1 State space model:

Equilibrium:

2 Stability:
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Exercise 3

Let the following be the model of a vertical vehicle position:

z(k + 1) = 0.4z(k) + u(k) + e(k) (1)

where u(k) is a known control input and e(k) is a white noise with zero mean value and variance
0.01m2. Assume you measure the position with a sensor that is affected by a measurement error of
variance 0.04m2 and zero mean an we can assume it is white. Indicate how to estimate the vertical
position and indicates the estimation variance error, Find a stationary algorithm to estimate the
position. Show how the algorithm will change, if the command is not present, and how it will affect
the estimation error expression. Indicate the eigenvalues of the transfer function between e(k) and
x(k)

Answers:

Algorithm

Stationary algorithm

How it differs?

Eigenvalues
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Exercise 4

Let
x1(t+ 1) = 0.5x1(t) + 0.5x2(t) + w(t)
x2(t+ 1) = 0.1x2(t)
x3(t+ 1) = 0.5x3(t) + 2u(t)

y(t) = x1(t) + x2(t) + v(t)

be an LTI DT stochastic system, with v(t) and w(t) be uncorrelated process, white with zero mean
and variance σ2

w
and σ2

v
(t), respectively.

1) Evaluate the output if all the inputs and the noises are equal to zero, and x(0) = [0 0 1]′.

2) For t → ∞, how much is the output for initial condition equal to zero, w(t) = 0,v(t) = 0 and
unitary step input?

3) if u(t) = 0, w(t) = 0, how much is the mean value of the output y.

4) Is it possible, to let the state assume any arbitrary value, starting from known x(0), in absence
of noise? If yes, how?

5 When the noise is present, and the initial condition is unknown, is possible to design a stationary
observer of the state? if yes, what is its form?

Answers:

1 Undriven deterministic response

2 Driven Stationary deterministic response

3 Mean value

4

5
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